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Interpolation is usually considered between
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» a formula B such that A, B = L, @
in the form of a formula C in "the common language of 4 and B"
such that A,C = L and B =C.
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T where Cy, ..., Gy, are (quantifier-free) constraints of a theory 7.

Where do we find such problems?
...in model-constructing satisfiability (MCSAT)
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MCSAT introduced in [dMJ13, JBdAM13, Jov17],
following work on specific decision procedures for theories such as
non-linear arithmetic [JdM12].
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MCSAT introduced in [dMJ13, JBdAM13, Jov17],
following work on specific decision procedures for theories such as
non-linear arithmetic [JdM12].
MCSAT tailored to theories with a standard model used for
evaluating constraints (example: arithmetic)
Evaluation is a key aspect of MCSAT
Solving satisfiability problem
(set of constraints on variables xi, ..., xp)
= finding values for variables xi, ..., x,
(so that constraints evaluate to true)
MCSAT offers:
> a template for decision procedures
» an integration of such procedures with Boolean reasoning
» new possibilities for combining procedures [JBdM13, BGLS19]
The template is a generalisation of how CDCL works.
Run = alternation of search phases and conflict analysis phases
Boolean theory can be given the same status as other theories.
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» Method: as in CDCL for Boolean logic,
successively guess values to assign to variables
... while maintaining the invariant: given the assignments
made so far, none of the constraints evaluates to false
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How do we avoid picking the same values (i.e. the same I')?

How do we avoid picking a I" that fails for the same reason I fails?
Learn a lemma that rules out not only I' but a set of similar models
ANC = L (or equivalently quantif.-free GG A---ANC, AC = 1)
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producing C as a conjunction of literals
(so that the theory lemma Gt A--- A Gy AC = L is a clause),
satisfying some suitable conditions for termination;
» optionally, a nice way to propagate a value for a variable
whose domain has become a singleton set;
...and I'll give you an MCSAT calculus for T,
using some adaptation of the 2-watched literals technique
for tracking unit constraints
: Boolean, non-linear arithmetic, EUF (can be mixed)
Now we are developing the case of the bitvector theory for T
Bitvectors in MCSAT first looked at in [ZWR16]
“Interpolants do have applications in mcBV, e.g., for conflict
generalization, but we do not currently employ such methods.”

05 This is what we do now.
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if Ay(Cy A -+ A Cp) evaluates to false in I = {x;—=vy,...,x;—=V,}
takeC = xq~vi A AXy,~ Vv, (only rules out IN)

> :
bitblast the unsat formula GG A ACuy AX1 = Vi A AXp 2V,
get an unsat core identifying the bits of xi, ..., x, that mattered
Drawbacks:

> 1-bit extracts are re-injected into the problem via the
interpolant, for the rest of the run

» interpolants close to the bit level do not give understandable
explanations of what was wrong about I'; we'd rather have
interpolants close to the word level
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[GLJ17]: equality with concat+extract
Interpolant built by slicing

: (a fragment of) linear bitvector arithmetic

Constraints (literals) C == a| -a
Atoms a = 1< b|tu<'t|txtb
Terms of bitwidthw t = c+X_;¢ X
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» We produce a series of constraints Ep,..., E, such that
> =6, E
> B, B (UL ) = (Z/QWZ)” e, AE,... E =L

We take C to be E; A -

@@

Our intervals are taken modulo 2% (i.e., they may overflow):
[0b1111; 0b0001[ contains two values, namely 0b1111 and 050000
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Example

Coverage of Z/2"Z is full because:

|IU1]]r S |I/2]]r and |IU2]Ir S |[I4]|r and |IU4]]r S |I/3]]r and |[U3]]r S |[Il]]r
We take C to be (u1 € b) A (up € Is) A (us € B) A (us € h)

14/25



Producing the forbidden intervals: preprocessing
» Step 1: only look at <Y, expressing <® and ~~ in terms of <Y:

t1 <"ty ~ 2Tl <U ity 42wl
t1 >~ to ~ = <Y0

15/25



Producing the forbidden intervals: preprocessing

» Step 1: only look at <Y, expressing <® and ~~ in terms of <Y:

t1 <"ty ~ 2Tl <U ity 42wl
t1 >~ to ~ = <Y0

» Step 2: assume the coefficients of y are positive; otherwise:

t1 <“trp ~ —(t2+1)<"—(t1+1)

15/25



Producing the forbidden intervals: preprocessing

» Step 1: only look at <Y, expressing <® and ~~ in terms of <Y:
1<t o~ 2% < 29
t1 >~ to ~ =t <YO0

» Step 2: assume the coefficients of y are positive; otherwise:

t1 <“trp ~ —(t2+1)<"—(t1+1)

Then in order to compute a forbidden interval / from a constraint
t; <Y t, where y has positive coefficients, we took inspiration
from [JW16], but working with intervals modulo 2.
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Forbidden interval that a (resp. —a) specifies for y

Normalised atom a

s | l-a |  Condition
vy | T | e
<Yty +y [—tz;%—tz[ [t1 —[Ot;'z(;)[—tz[ Zig
th+y<'tb [t2_t18_1;_t1[ [_t13t[20;—0[i'1+1[ Zi :i
hee LN Gl Wi

Illustrating the first line:

or
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Producing the forbidden intervals
Coefficients of y in C are in {0,1} leaves 4 cases:

Normalised atom a Forbidd;jn intervTI that alﬂ(:esp. _‘T) Spgs:lfiﬁ:i;?,r y
ey sty |l 2
AT s S e i
h+y<'t [f2—t18-1;—f1[ [_tl;t[20;—0[t1+1[ Zi :i
n=te [o;@O[ [o;wo[ riz ;utilz

Example 1: T = {x; — 060000} and G is literal =(x; <" y)
Iy = [0; O[ (full interval Z/2%Z), with condition x; ~ 0

We take C to be the condition itself x; ~ 0.

The lemma is =(x; <" y),x1~0 = L
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Producing the forbidden intervals
Coefficients of y in C are in {0,1} leaves 4 cases:
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Normalised atom a

Forbidden interval that a (resp. —a) specifies for y

s | I-a |  Condition
R I S s i
R s R B S
h+y<'t [f2—t18-1;—f1[ [_tl;t[20;—0[t1+1[ Zi :i
nEe N [o;wo[ A ;utilz

C1 is —|(y2X1) /1 is
G is (Xl <!Y'x3+ y) I is
Gis ~(y—xx<Yx3+y) his

[x1;x1 + 1]
[—x3;x1 — x3]
[Xz;—Xs[

Example 2: T = {x; — 051100, xo — 0b1101, x3 — 060000} and

as (0% —1)
as (x1 % 0)
as (—x2 % x3)




Example 2, continued
I = {x; — 001100, x; — 051101, x3 — 050000}

G is —(y ~x1) his [xi;x1+1] as (0% —1)

G is (x1 <" x3+y) his [—x3;x1—x3[ as(x130)

Gis ~(y—xx<Yx3+y) his [x;—x3] as (—x2 % x3)
0b0...0

7.)2*7.
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Example 2, continued
I = {x; — 001100, x; — 01101, x3 — 050000}

G is —(y ~x1) his [xi;x1+1[ as (0% —1)
G is (x1 <" x3+y) his [—x3;x1—x3[ as(x130)
Gis ~(y—xx<Yx3+y) his [x;—x3] as (—x2 % x3)

We take C to be (xi+1) € B A(—x3) € b A (x1 —x3) € h

17/25
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» From the set {f1,...,In} of intervals corresponding to

constraints Cy,..., Cp,
extract a sequence Ir(y), ..., Ir(q) covering Z/2"7 in model T.
More precisely, the sequence should satisfy:

Viwith1<i<gq, M= (uy +((i+1) mod q))
In Example 2, the sequence is /1, I, 12
Note: extract a minimal sequence, the interpolant will
generalise [ more, i.e., eliminate more models.
Express constraints “a € [/; u[" in the language of linear
bv-arithmetic
Hint: do not take (/ <" a <" u), it is not robust to overflows

(remember [/; u is a circular interval),

take a—/ <" u—I
In Example 2, the formula C,
namely (x1+1) € 3 A(—x3) € b A (x1 — x3) € 1, becomes

(x1+1—x <" =x3—x) A (0 <Y x1) A (—x3 <" 1)



Algorithm for extracting a covering sequence

1: function sSEQ_EXTRACT({h,...,Im},T)

2: output + () > output initialised with the empty sequence of intervals
3 longest <— LONGEST({/1,...,Im},T) > longest interval identified
4: baseline < longest.upper > where to extend the coverage from
5: while [baseline]r ¢ [longest]r do

6: | < FURTHEST _EXTEND(baseline, {h,...,Im},T)

7 output < output, / > adding [ to the output sequence
8 baseline <— l.upper > updating the baseline for the next interval pick
9: if [baseline]r € [output.first]r then

10: return output > the circle is closed without the help of longest
11: return output, longest > longest is used to close the circle
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Also in the paper: generalisation with lower bits extraction

» What is lower bits extraction?
particular forms of extraction, t[(m—1):0], denoted here t(m)
Mathematically, it is a projection of Z/2"Z to Z/2™Z (m<w)

» Why is this generalisation interesting?

» because it behaves well with arithmetic operations:

(a+ b)(m) =~ a(m) + b(m)
(a- b)(m)~=a(m) - b(m)

P because it can be used to express 0-extensions or
sign-extensions, which are very often used in the SMTLib
library, e.g., to compare terms t; and t, with <Y, <", ~ when
t; and t, have different bitwidths

» Example? Variant of Example 2
with model I' = {x; — 0561100, x, — 051101, x3 — 060000},

and constraints
G G G Cy

“(y=x) (a<'xsty) (¥(2) <Yx(2) (y(1)~0)
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Not in this talk. . .

... but in (the final version of) the paper,

full interpolation procedure is described,

handling intervals of multiple bitwidths.

... but in the Yices implementation,

interpolation procedure handling intervals of multiple bitwidths;
we also have the optional part of an MCSAT theory, namely the
propagation mechanism:

0b0...0

In case a single value is left uncovered,
we produce term t and explanation C
such that

Ciyo..,Cn,ClEy~t

which allows us to perform explainable
propagations

22/25
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Still in progress, but performances are kind of predictable:
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... it performs very well!

If not, the first conflict that we bit-blast shoots us in the foot for
the rest of the run.
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Still in progress, but performances are kind of predictable:

If the whole problem lies within this fragment of arithmetic. ..

... it performs very well!

If not, the first conflict that we bit-blast shoots us in the foot for
the rest of the run.

Interpolation procedure is rather insensitive to big bitwidth.

Some nice examples that we solve in less than a second
(most are <0.2): the

QF_BV/pspace/ndist.*.smt2 and the
QF_BV/pspace/shiftladd.*.smt2

benchmarks fom the SMTLib library
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Conclusion: where do we go from here?

We extend the fragment little by little:

P (O-extensions and sign-extensions are not implemented yet,
but are easy to add;

» Handling the full fragment of linear bv-arithmetic, where
coefficients of conflict variable y are not necessarily in
{-1,0,1}

For this we must solve the question:

if interval | forbids values for ¢ - y (where c is still constant),
what is the collection of intervals that are forbidden for y
(taking care of overflows and divisibility of the bounds by ¢)?

» Taking inspiration from other works on quantifier elimination
in bitvector arithmetic [JC16].
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Interpolation between two formulae
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Here, specific form of interpolation, related to
quantifier-elimination, serves MCSAT.

How can MCSAT, or our specific, model-driven form of
interpolation can help solving the more standard form of
interpolation between two formulae, remains to clarify, in
connection with e.g., [Grill].
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